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Abstract. We consider C*-algebras generated by a single Hilbert bi- 
module (Pimsner-Toeplitz algebras) and by a product systems of Hilbert 
bimodules. We give a new proof of a theorem of Pimsner, which states 
that any representation of the generating bimodule gives rise to a repre- 
. sentation of the Pimsner-Toeplitz algebra. Our proof does not make use 

of the conditional expectation onto the subalgebra invariant under the 
dual action of the circle group. We then prove the analogous statement 
C*| ■ for the case of product systems, generalizing a theorem of Arveson from 



the case of product systems of Hilbert spaces. 



1. Introduction 

> . 

f^. \ Let E be a Hilbert module over A, equipped with a left action of A 

via adjointable operators. We shall refer to such an £ as a Hilbert bi- 



module. We assume that E is full, i.e. (E, E) = A. We make no further 
assumptions on the left action of A. Let B be a C*-algebra. A covariant 
homomorphism if) of E into B is a C-linear map ipE ■ E — > B along with a 
homomorphism ipj. : A — > B such that for all e, / G E, a,b G A we have 
^ I i>E{aeb) = ipA(a)ipE(e)ipA(b), ipE(e)*ipE(f) = Vu((e,/))- In th e sequel, 

we will write ip for both ip^ and ipE, when it causes no confusion. When 
B = B(H) for a Hilbert space H, we call a covariant homomorphism a 
representation. 

Remark 1.1. In JV1S what we call a representation is called an isometric 
5_i ■ covariant representation. Since we won't deal with other kinds of represen- 

tations considered in |MSj . we shall use the shorter terminology. 

We recall Pimsner's construction. Let 6 = ©,^Lo (where we take 
E®° = A). For e G E, let T e G B(£) be given by T e (£) = e ® £. The map 
sending 

e I—*- T e , i9ai-> left multiplication by a 

is a covariant homomorphism of £7 into B(£). We let be the C*-subalgebra 
of B{£ ) generated by {T e | e G E 1 }. We will lighten notation by identifying 
e G -B with T e , and a with multiplication by a in Tg, when it does not lead 
to confusion. 

Note that if tt : Te — > B{H) is a representation, then the restrictions of 7r 
to E and ^4. form a representation of E. Our goal in the first section will be 
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is to give a new proof of the following theorem - a restatement of a theorem 
of Pimsner ([Pj, Theorem 3.4) - which shows that any representation arises 
in this manner. 

Theorem 1.2 (Pimsner). Let ip be a representation of E on a Hilbert space 
H. The map e — > ip(e) extends to a homomorphism Te — > B{H). 

Remark 1.3. Pimsner 's proof relies on the conditional expectation map 
of the algebra Te onto the fixed point subalgebra for the dual action of 
T, generalizing the proof for the Cuntz algebras from |Cu| . The motivation 
leading to the proof presented herein was to obtain the continuous analogue, 
Theorem II .81 below. The continuous analogues, described below, admit an 
analogous action of R, rather than T. Thus, one cannot obtain a bounded 
expectation map by averaging the group action. We note that an unbounded 
expectation map has been used by Zacharias to study Arveson's spectral C*- 
algebras in [Z]. We refer the reader to |A2j for more details on the spectral 
C*-algebras, and to |HZj for a recent survey. 

In [H], we considered a certain continuous analogue of the algebras Te, 
generalizing to the context of Hilbert modules Arveson's spectral C*-algebras 
(see |A2j ). We recall the definitions. 

Definition 1.4. Let A be a separable C*-algebra. A measurable bundle 
of Hilbert A-bimodules over 0, E, is a collection {E x \ x € £1} of right 
Hilbert ^4-modules with left actions via adjointable operators, along with 
a distinguished vector subspace T of H X ^E X (called the set of measurable 
sections) such that 

(1) For any £ S T, a S A, the functions x h- » (£(x), £(x)}, x t— > (a£(x), £(x)) 
are measurable (as functions Q *— ► A). 

(2) If r\ £ IL x( znE x satisfies that x h- » r)(x)) is measurable for all 
£ G r then r\ G T. 

(3) There exists a countable subset £i, £2; ••• of T such that for all x G f2, 
£i(a;), £2(^0, ■•• are dense in E^. 

We refer the reader to the appendix of |H] for more details. 

Definition 1.5. Let A be a separable C*-algebra. A product system of A- 
bimodules E is a measurable bundle of *4-bimodules over R + , along with a 
multiplication map E x E — > £7, which descends to an isomorphism ®_4 
— > for all x, y € R+ (where is^ is the fiber over x), and is measurable 
in the sense that if £ is a measurable section and e £ E y then the sections 
x 1— > e£(x — y), x 1— > £(x — y)e (0 if x < y) are also measurable. 

The elements e £ E act on J K E x dx on the left as adjointable operators, 
which we denote W e , or by abuse of notation, just e. Note that IjeH^ > 
||We|| B yffi E dx y Denote by L l (E) the space of measurable sections £ that 

satisfy f R \\£(x)\\dx < 00. 
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Definition 1.6. For / G V-{E) we define W f G B (f® E x dx) by 




We denote by We the C*-subalgebra of B y j R+ E x dxj generated by 

{W f \fe L\E)} 

We refer the reader to [H] for examples, and a discussion of the .fT-theory 
of W E - 

Definition 1.7. Let E be a product system of ,4-bimodules. A represen- 
tation tp of E on H is a map tpE '■ E — ► B(H), along with a representation 
: -4 -> such that 

(1) The restriction of tp to each fiber of E is a representation of the fiber. 

(2) For any e, / G E, r/»(e)^(/) = r/.(e/). 

(3) If £ is a measurable section of .E then cc h- » ^>(£(a;)) is a weakly 
measurable function. 

(4) \J X>Q 4(E X )H = J(A)H. 

If x i— > /(x) is a measurable section of E satisfying J R+ ||/(x)||dx < oo 
and tp is a representation of E on i7, then we have an integrated form of 
the representation 

Hf) = [ Hf(x))dx 

Our goal in the second part of this paper will be to prove the following 
continuous analogue of Theorem ll.2l 

Theorem 1.8. Let tp be a representation of E on a Hilbert space H. The 
map Wf — ► ip(f) extends to a homomorphism We —> B{H). 

This theorem generalizes a theorem of Arveson ( |A2j . Theorem 4.6.6) 
from the case of product systems of Hilbert spaces. Specializing our proof 
below to the case of Hilbert spaces will give a simpler approach to Arveson's 
theorem. 

2. The discrete case - proof of Theorem 11.21 

Definition 2.1. Let tp, p be two representations of E on H. We say that tp 
majorizes p, and write tp >- p, if for any e%, e n G E and any polynomial p 
in 2n non-commuting variables, we have 

Wp^d), ...,ip(e n ),ip(ei)* , ...,ip(e n )*)\\ > \\p{p(e{), p(e n ), p(ei)*, p{e n )*)\\ 

In other words, tp >- p if there is a (necessarily unique) homomorphism 
C*({tP(e) | e G E}) -> C*({p(e) | e G E}) which satisfies V(e) i-» p(e) for all 
e € E. 

If tp y p and tp ^ p, we write -0 ~ P- 
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We say that T y ip if the map T e — ► ip(e) extends to a homomorphism 
T E -> C*({^(e) | e G £}), i.e. if 

||p(^(ei), ...,V>(e n ),V>(ei)*,...,V>(e n )*)|| < ||p(ei, ...,e„,e*, e*)|| B(£) 

Thus Theorem 11.21 states that T y ip for any representation ip of E. 
Note that the relation y is clearly transitive. 

We first recall the following lemma (noted in |MSj and in references 
therein). The proof is straightforward. 

Lemma 2.2. Let be a representation of E on H. Regarding H as a right 
A-module via ip, we form the tensor product E ® A H to obtain a Hilbert 
space. The contraction map 

e<g>£ i-> ip{e)£ e e E , £ e H 

is well defined and extends to an isometry 

E® A H -> H 

If ip is a representation of E, n > 0, then we can define a representa- 
tion of E® n by e\ ® ■ ■ ■ ® e n i— >• V ; ( e i)V ; ( e 2) • • • V'( e n) > We will denote this 
representation by ^ as well. 

We may assume without loss of generality that ip A is non-degenerate, 
and we make this assumption throughout (i.e., we assume throughout that 
ip{A)H = H). 

If 7r is a representation of A on a Hilbert space H, then we can define a 
representation Tigi^l of -E on E^^H (this is called an induced representation 
in |MSj ) . We note that clearly, T y T® A 1. The following lemma generalizes 
the fact that any isometry S which satisfies S n S n * — ► in the strong operator 
topology is unitarily equivalent to a direct sum of copies of the unilateral 
shift on £ 2 . The reader can find a proof in |MSj . 

Lemma 2.3. Let ip be a representation of E on H , such that Hn>o 4>{E® n )H 
{()}. let H = (ip{E)H) L . 

(1) Hq is invariant for tp (A). 

(2) Let H n = iP{E® n )H . We have H = ©^° =0 H n . 

(3) For any n, W n : E® n ® A Hq — > H n given by the contraction 

W n (ei <g> • • • <S> e„ <g> £) = tp(ei)ip(e 2 ) ■ ■ ■ ip(e n )£ 

is a well defined unitary operator (where for Wo is the contraction 
a<g>£ i-» ip(a)£, a£E m = A). 

(4) W = ©^L • ^ ®A Hq H is a unitary operator which satisfies 

W(T e ® A 1) = iP(e)W 

for all e G E, i.e. it implements a unitary equivalence between the 
covariant representations T (g>_4 1h and ip. 

Corollary 2.4. Let ip be as in Lemma \2.<\ then T y ip. 
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Now let ip be any (non-degenerate) representation of E on H. By Corol- 
lary El to prove Theorem ll.21 it suffices to show that ip is majorized by a 
representation which satisfies the condition of Lemma 12.31 

For any A E T, we define a representation ip\, given by ip\{e) = \ip(e), 
ipx(a) = ip(a), e E E, a E A. We can now form a direct integral to obtain a 
representation ip on H ® L 2 (T), given by 

f® 

ip = ip\d\ 
Jj 

Since ip\(e) — > tp(e) as A — * 1 for all e (in norm), we can easily see that 
ip >- ip. 

Let U be the bilateral shift on ^ 2 (Z). We form a representation ip = ip®U 
of E on H®£ 2 CL) by ^(e) = ip{e)®U, ip{a) = a®l, e € E, a £ A. Applying 
the Fourier transform to the second variable shows that ip and ?/> are unitarily 
equivalent, (i.e. they are intertwined by a unitary). In particular, we have 

ip ! Rj Ip. 

Denote by P + the projection of P"®£ 2 (Z) onto F®^ 2 (N). We denote by ip + 
the restriction of ip to the invariant subspace H ®£ 2 (N), i.e. ^+( e ) = i ) ( e )P+ 
(where here we will think of ip+ as both a representation on H ® ^ 2 (N) and 
as a (degenerate) representation on H (£> £ 2 (Z) ) . Denote by S 1 the unilateral 
shift on £ 2 (N), and let V = 1 H ® 5. 

Observation 2.5. For any fc, any polynomial p(x±, X2k) in 2A; non- 
commuting variables and any e%, ...,ek £ an£ ^ an 2/ m > deg(p), we have 

y m W+(ei),..-,V' + (e fc )*)^ m - J P + ^(ei),...,^(e fc )*)P + = 

We leave the straightforward verification to the reader. 

Lemma 2.6. If A is in the *-algebra generated by 

{i>(e)\e £ E} 

then 

\\P + AP+\\ = \\A\\ 

Proof. Note that any operator of the form ip(e) commutes with all operators 
of the form 1# ® U n , n E Z. Therefore A commutes with 1 ® U n , n E Z as 
well. Let P n denote the projection onto H ®£ 2 ({n,n+ 1, ...}) (so Po = P+)- 
We have (1 ® U m )P n (l ® f/" 1 )* = P n+m for all n, m E Z, and therefore we 
have 

(1 ® U n )P+AP + {\ ® C/ n )* = P n ,4P n 
so ||P+AP + || = ||P n AP n || for all n E Z. Since P n — > lga(z) as n — > — oo in 
the strong operator topology, we have 

\\P+AP + \\ = lim ||P„AP n || = || A|| 

n^—oo 

as required. □ 
Corollary 2.7. ip + y ip. 
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Proof. Let e\,...,ek G P, and let X2fc) be a polynomial in 2k non- 

commuting variables. Since the V m are isometries, we have 

\\V m ^ + ( ei ),...,ij + (e k r)V m \\ < \\p(Mei),-,Mek)*)\\ 
so by Observation 12.51 we have 



P + pty(ei),..,^(e fc )*)P + 
and by Lemma l2.61 

P + p$(e 1 ),...,^(e Jfc )*)P- 



< ||p(^+(ei), ...,V'+(efc) : 
p(i>(ei), ...,4>(e k )*) 



□ 



Proof of Theorem li.il Note that ^-i. satisfies the conditions of Lemma 12.31 
It therefore suffices to show that ip + >~ V') an d indeed, we saw that ip + y ip 
and ip y ip. □ 

Remark 2.8. The proof in this section was obtained in the course of the 
author's dissertation work under the supervision of W.B. Arveson, and is 
motivated by ideas from |A2j . 



3. The continuous case - proof of Theorem 11.81 

The approach here will differ from the proof above for the discrete case, 
in that we do not have a continuous analogue of Lemma 12.31 (see Remark 
13. 91 below). Aside for that, we shall follow a similar path. 

We begin by giving the analogue of Definition 12.11 

Definition 3.1. Let ip,p be two representations of a product system E 
(over A) on P. We say that tp majorizes p, and write ip y p, if for any 
/i) ■•■) fn G E 1 (P) and any polynomial p in 2n non-commuting variables, we 
have 

||p^(/l),...,V(/n)^(/l)*,-^(/n)*)|| > \\p(p(fl),~,p(fn),p(fiy,..,p(fny. 
In other words, tp y p if there is a (necessarily unique) homomorphism 
C*(Mf) | / G L\E)}) -> C*({p(/) | / G L 1 ^)}) which satisfies ^(/) -» 
p(/) for all / G L!(P). 

li ip y p and ip ~< p, we write ip ~ p. 

We say that W >- ^ if the map W/ — > ^(Z) extends to a homomorphism 
W S ^C*({^(/) l/GL 1 ^)}). 

As in the discrete case, the relation y is clearly transitive. Theorem 11.81 
states that W y tp for any representation ip of E. 

As in the discrete case, we may assume without loss of generality that ipj± 
is non-degenerate, and we make this assumption throughout. 

Definition 3.2. Let tp be a representation of E on P. A subspace H' of H is 
said to be invariant for tp if ip(E x )H' C H' (for all x > 0) and ip{A)H' C P'. 
P' will be said to be reducing if it is invariant, and furthermore ip(e)*H' C 
H' for all e G E. 
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Let ip be a representation of E on H, and let H' be invariant for ip, then 
we have a representation of E on if' by restriction. Let P be the projection 
onto H' , and let ■0' denote the restriction, then ip'(f) = tp(f)P. Notice that 
if H' is furthermore reducing, then ip y ip'. 

We will make use of the following approximation lemma. The proof is 
straightforward, and we leave it to the reader. 

Lemma 3.3. Let ip be a representation of E on H . Suppose that there is a 
sequence of projections P n — > 1 in the strong operator toplogy, such that P n H 
is invariant for ip for all n. Denote by ip n the restricted representation ofip to 
P n H . For any polynomial p(xi, ...,X2k) in 2k non- commuting variables and 
fi, fk E L^E), if ||;#„(/i), Mfk),Mh)*, -,Mfk)*)\\ < M for all 
n (for some constant M), then \\p(ip(fi), ip(fk), ?P(fi)*, ••■> ^(/jfc)*)|| < M - 
Consequently, if p is a representation of E such that p y ip n for all n then 
pyip. 

If 7r is a representation of A on H, we can form a representation W^fSi^l of 
We on J-^ + E x dx® n H , as in the discrete case. We clearly have W y W®a1. 

Let S x : L 2 (M + ) — > L 2 (M + ) denote the unilateral shift semigroup. We 
form a representation tp + on H ® L 2 (M + ) by ip+(e) = ip{e) ® S x (e G E x ), 
ip+(a) = 0(a) (8> 1. The following Lemma is a straightforward generalization, 
with a small improvement, of an argument in the proof of |A2j . Theorem 
4.4.3. We include a full proof for the reader's convenience. 

Lemma 3.4. 

(1) Let ip be a (non-degenerate) representation of E on a Hilbert space 
H. There is a unique isometry 

C : E x dx® A H -» H ® L 2 (R + ) ^ L 2 (R + ,H) 
Jm+ 

satisfying 

c(f®o(x) = mf(m) 

for any £ G H, f G L l (E) such that J R+ ||/(a;)|| 2 cte < oo (those are 
dense both in L 1 (E) and in E x dx). 

The range of C is H # = {£ G L 2 (R+, H) \ £(x) G ip(E x )H a.e. x}. 

(2) H# is invariant for the representation ip+. Denote the restriction of 
tp + to H# by ip#. C implements a unitary equivalence between ip# 
and W ® A 1 of E on J R+ E x dx ®> A H . 

Proof. C is well defined on the given domain, which is total in E x dx® A 
H. To show that C extends to an isometry, it suffices to check inner prod- 
ucts on those vectors. So, for f,g G L 1 (E) such that J R+ ||/(x)|| 2 <ix < 

°°>Jr ||g(a;)|| 2 (ix < oo, and £,r/ G H, we have: 

m{x))^{g{x))r,) H = &M{x))*4{9{x))v)h = {^{{f{x\g{x)) A )r,) H = 
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= Wix)) ®A £, i>(g{x)) ®A V) E X ® A H 
and now integrating both sides dx gives the required identity. 

To prove that C has the required range, we first note that the range of C 
is clearly contained in H#. For the converse, suppose g G H# is orthogonal 
to the range of C. We must prove that g = 0. 

Let ei(x),e2(x), ... be a sequence of measurable sections of E such that 
for all x, {e±(x), e%(x), ...} are total in E x (we are guaranteed the existence 
of such sequence by the definition of a product system). We may assume 
that all those sections are bounded, without loss of generality. Let u±, 112, ■■■ 
be a dense sequence in n L 2 (R + ). Let £1,6,... be a dense sequence 

in H. So, for all m,n,p, we have: 

/•oo 

/ u m (x) {i>(e n (x))£ p ,g(x)) = 
Jo 

Since «i,U2, ... are dense in L 2 (M + ), we see that (0(e n (x))£p, g{x)) = a.e. 
x. Therefore, we have for all n,p and a.e. x, (ip(e n (x))^ p , g(x)) = 0, and 
therefore, g(x) = required. 

Finally, we need to check that C(W e <gi A 1) = (VK e ) &> 5' X )C for all e G P^, 
2; € K+. It suffices to check this for vectors of the form / ® A £ as m the 
statement. Indeed, C(W e ® A l)(f® A 0(y) = C(ef® A £)(y) = ^((e-/)(y))£ = 
0(e • f(y - x))£ = i/>(e)ip(f(y - x))£ = (tp(e) <g> 5 X )(C(/ &u 0). as required 
(where /(y — x) is understood to mean if x > y). □ 

Lemma 3.5. Let ip be a representation of E on H. Let H# be as 

in Lemma \3.J\ then ip + ~ ip#. 

Proof. Since Hj± is a reducing subspace, we have >- ■(/'#• Thus it remains 
to show that tp# y By Lemma |3.3l it suffices to exhibit projections 
P £ G £(L 2 (IR + ,#)) such that P e (L 2 (R + , H) is invariant for V+, P e -> 1 as 
e — > (in the strong operator topology) , and tp# y ip £ where tp £ denotes the 
restriction of 0+ to P £ (L 2 (M + , H). 

Denote H x = ^{E X )H. Let K £ = {£ G L 2 (M+, £T) | G H x Q H x+£ } C 
iJ^t. -fT e is reducing for -0# (and for ■0+)- Denote the restriction of ip# to 
A" £ by V^. 

Now, for n = 1,2,..., let K£ = £ L 2 (R + ,H) | G P x ._ n£ 

i/ x _( n _i) e }. Note that the K £ are mutually orthogonal, and are all or- 
thogonal to H#. 

K £ is invariant (but not reducing) for tp + . Note that if £ G K £ then 
£(x) = for a.e. x < ne. Let ijj™ denote the restriction of tp + to K™. 

Define U? : K £ -» iq 1 by 0? = £(z - «e) (where £(x - ne) is 

understood to be if x < ne). It is easy to check that U £ is unitary, and 
implements a unitary equivalence between 0^ and ip™. 

Let H% = H # Q 0^L 1 K£ C L 2 (M + , F). Note that this space is invariant 
for 0_|_. Let P e be the projection onto the H+, and ip £ the restriction of 0+ 
to iJf. So P e — > 1 (since, for example, the range of P e contains L 2 (1R_|_, i? £ )), 
and 0# >- ip £ for all e, which is what we needed. □ 



PIMSNER-TOEPLITZ ALGEBRAS 







We may now proceed as in the discrete case. For A € R, we define a repre- 
sentation ipx by ^\( e ) = e lxX ip(e), ip\(a) = ip(a). We form a representation 
^ on if L 2 (K), by 

r® 

i> = / ^a^a 

and since ip\{e) — > ^(e) as A — > for all e (in norm), we have ip y ip. 

Let J7 X be the bilateral shift group on L 2 (M). We form a representation ip 

of £ on if L 2 (R) by ^(e) = ip(e) ®U X (eE f^), $(a) = a 1. Using the 

Fourier transform, we see that ip and ?/> are unitarily equivalent, so ip y ip. 
Let V x = Ih®S x , and let P + the projection of H®L 2 (R) onto if0L 2 (M + ) 
The following are immediate analogues of Observation 12.51 and Lemma 

12.61 above (and immediate generalizations of 4.5.3 and 4.5.4 in [A2 ). We 

leave the simple proofs to the reader. 

Observation 3.6. For any k and any polynomial p(x\, ...,X2k) in- 2A; non- 
commuting variables and any fx,—,fk e ^(E), ^ e have 



lim 

x— >oo 



v: P (^ + (f 1 ),...,i; + (f k r)v x -p + pmfi),---^(fkr)p + =o 

Lemma 3.7. If A is in the *-algebra generated by 

Mf)\f€LHE)} 

then 

\\P + AP+\\ = \\A\\ 

Corollary 3.8. ip + y ip. 

Proof of Theorem \1.8[ Let ip be a (non-degenerate) representation of E on 
H. We want to show that W y ip. So, W y W 0.4 1, W 0^ 1 pa ip# (by 
Lemma ip# ~ ip+ (by Lemma l33)l . -0+ y ip f Corollary 13.81) . and ip y ip 
(as remarked above), concluding the argument. □ 

Remark 3.9. There is a continuous analogue of the Wold decomposition, 
due to Cooper ( |Co| ). which states that if S x (x > 0) is a strongly continuous 
semigroup of isometries on a Hilbert space, then S x is unitarily equivalent to 
a direct sum of a one-parameter unitary group and copies of the unilateral 
shift semigroup on L 2 (M_|_). 

Unlike the case of a single bimodule, this does not quite generalize to 
product systems. There is an approximate version, due to Arveson ( [All 
IA2j for product systems of Hilbert spaces. Arveson's theorem states the 
following. Let E is a product system of Hilbert spaces, and let ip be a 
representation of E on H such that f] x>0 ip{Ex)H = {0}. For any e > 0, let 
H £ = ip(E £ )H, and let ip e be the restriction of ip to H e , then ip e is unitarily 
equivalent to a direct sum of the regular representation of E (on J R+ E x dx, 
which is a Hilbert space here). However, Arveson showed in |Alj that H e 
cannot be replaced by H in the theorem. This theorem was used by Arveson 
to prove the special case of Theorem II. 8l for Hilbert spaces. We do not know 
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if the generalization of Arveson's theorem to the case of Hilbert modules 
holds. 
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